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Abstract
The governing equations for large eddy simulation (LES) are obtained by filtering the Navier-Stokes (N-S) equations with standard
(non-Favre filtering) spatial filter function. The filtered scale stress due to the standard filtering is then reconstructed by using the Taylor 
series expansion. The loss of information due to truncating the expansion up to the first derivative term is modeled by a dynamic nonlin-
ear model (DNM), which is free from any empirical constant and wall damping function. The DNM avoids the singularity of the model
and shows good local stability. Unlike the conventional dynamic Smagorinsky model (DSM), the DNM does not require the plane aver-
aging and reduces the computational cost. The turbulent flow over a double ellipsoid for Reynolds number of 4.25×106 and Mach num-
ber of 8.02 is simulated numerically to validate the proposed approach. The results are compared with experiment data, as well as the 
data of Reynolds averaged numerical simulation (RANS). 
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1 Introduction*
Turbulence occurs frequently in engineering, 
and it has been studied for a long time. Even after 
many decades of intensive research, turbulent mod-
eling remains one of the most difficult problems in 
computational fluid dynamics (CFD). The widely 
used Reynolds averaged numerical simulation 
(RANS) approaches in which all scales are modeled 
are very efficient for certain classes of turbulent 
flows. RANS approaches fail to predict instanta-   
neous information due to their results represent the 
mean properties of flow field. The direct numerical 
simulation (DNS) is the most straightforward me- 
thod. The spatial and temporal scales of motion are 
solved without any model, which lead to enormous 
computational cost. The number of grid points is 
about
9
4Re , which is computationally expensive. 
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DNS is restricted to flows with low Reynolds num-
ber, which prohibits from practical applications. 
Large eddy simulation (LES) becomes a very pro- 
mising technique for the prediction of turbulent 
flows because of large improvements in computing 
hardware and advances in both computational meth-
ods and sub-grid scale (SGS) modeling. In a LES, 
the large scales of 3-D unsteady turbulent motion 
can be calculated directly, but the eddy smaller than 
the grid size has to be modeled by SGS model. 
Since the small eddy can be considered universal 
theoretically, it is easier to construct a general 
model, and LES is believed to be more accurate 
than RANS. 
In recent applications, the equations of LES for 
compressible turbulent flow are founded in the 
framework of the Favre filtering. This method 
avoids some complexity, but gives rise to more dif-
ficulties, and cannot be compared with experimental 
data or DNS data, which are not Favre filtered. On 
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the other hand, by using Favre filtering of the gov-
erning equations, some information of density fluc-
tuation is lost.  
Some methods are developed to close the SGS 
stress in the framework of standard filtering. Adams 
proposed a model based on approximate deconvolu-
tion of the filtered field[1]. The deconvolution pro-
cedure is supplemented by the relaxation regulariza-
tion. The eddy viscosity hypothesis used to con-
struct the SGS model is the same as RANS[2]. Nel-
son[3] and Boersma[4] supposed the dynamic model 
respectively to simulate the mixed layers and jet 
flow. A dynamic equation model is developed[5] to 
obtain a more accurate correlation of density fluc-
tuation in aero-optics. The incompressible ten-
sor-diffusive model (TDM) based on the Taylor se-
ries expansion is extended to compressible flow[6].
None of the SGS stresses obtained by the standard 
filtering is neglected in Ref.[7]. All SGS stresses are 
modeled using eddy viscosity hypothesis[7].
This paper describes a LES method which uses 
the standard compressible LES filtered variables. 
Like the compressible TDM, only the first deriva-
tive term of Taylor series expansion is reserved, and 
the rest terms are dropped. The loss of information 
due to this truncation is modeled by a dynamic 
nonlinear model (DNM)[8]. DNM exhibits instanta-
neous local stability without using the conventional 
plane averaging technique or any arbitrary bounds 
for restricting the modeling coefficients. To validate 
the proposed model for turbulent simulation, LES of 
fully developed turbulent flow over a double ellip-
soid is performed for a Reynolds number of 
4.25×106 (based on the length of the double ellip-
soid) and Mach number of 8.02. 
2 Computational Method 
2.1 Governing equations 
Using over-bar to designate the resolved part 
of a variable, the filtering quantity is defined as 
( ) ( ; ) ( )df x G x x f x x'
f
f
c c c ³    (1) 
where f is arbitrary parameter of a turbulent field, G
a filter function and '  the filter width. 
The LES equations are obtained by applying a 
filter on the compressible and unsteady Navier- 
Stokes equations. The resulting equations can be 
expressed in conservative form using Einstein 
summation notation[6] as follows 
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where the independent variables t and xi represent 
time and spatial coordinate, respectively. The com-
ponent of the velocity is denoted by ui. p is the static 
pressure, and E  is the total energy of the filtered 
variables, defined as  
1
2v k k
E C T u u              (5) 
where T is the static temperature, Cv the constant 
volume specific heat.  
The subgrid stress terms are 
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The components of the stress tensor and the heat flux 
vector can be expressed respectively as 
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The Sutherland’s law for the molecular viscosity 
coefficient P  is also employed. 
Finally the LES equation of state is writen as 
p RTU               (10) 
2.2 Subgrid scale model 
The complete but infinite expansion is obtained 
using Taylor series expansions [8-9]
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Only the first derivative term is reserved.  
Similarly[6],
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Let superscript * stand for the traceless part of 
a tensor, it has 
def
* 1
3ij ij kk ij
W W W G   (16)
*2
*
12
j ji i
ij i j
m m m m m m
u uu u
O u u
x x x x x x
' U U U
§ ·w ww ww w¨ ¸   ¨ ¸w w w w w w© ¹
(17)
Due to the truncation of the reconstruction se-
ries, the additional dissipation corresponded to the 
loss of information is required. It can be provided 
by an added dissipative term. The DNM term is 
added, which is expressed as a quadratic tensorial 
polynomial of resolved strain tensor sij:
2 2 2 ** *
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in which the strain tensor is defined as 
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and II is the second invariants of ijs , namely 
2
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Comparing with the conventional Smagorinsky 
model[10]
 2 ** s2 ijij C s sW U '             (21) 
one can observed that the nonlinear term coincides 
with conventional Smagorinsky model when C1=0
and C2= Cs.
From Eq.(18), it has 
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Parameters C1 and C2 are determined by dy-
namic method. At the test filter grid, the SGS stress 
is
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With the Germano identity[11]
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The Leonard term *ijL  is solved from resolved 
scale. Inserting Eqs.(22)-(23) into Eq.(24) gives 
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Let Eij and Fij denote the local error tensor and 
the error density function respectively 
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method, it has
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Due to the fact that the constitutive relation of 
the nonlinear term for the model presented here is 
an extension to a quadratic form from a linear one 
for the conventional dynamic model, the conven-
tional dynamic Smagorinsky model of Lilly[12] is the 
first-order approximation of the nonlinear term for 
present model.  
Eq.(29) gives 
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In our numerical practice, it has
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Ref.[10] shows that the isotropic component Wkk
of the SGS stress tensor can be neglected without 
introducing appreciable errors. This assumption is 
used in present numerical test. 
The truncated terms denoted jqc  in energy 
equation is modeled using a simple gradient diffu-
sion model[13]
 22
t
2j p
j
C Tq c s
Pr x
'
U wc  
w
        (31) 
Prt=0.9 is the SGS turbulent Prantdl number.  
2.3 Numerical scheme 
The results of LES is sensitive with the nu-
merical scheme[14]. The scheme used in LES must 
be of low-dissipation and high accuracy. For LES of 
hypersonic turbulent flow, the lack of shock captur-
ing capabilities may result that the numerical noise 
will be generated near the boundary layer edge[15].
As the simulation march in time, the numerical 
noise penetrates the boundary layer and the solution 
is no longer physical. Thus, a shock capturing tech-
nique is necessary for performing DNS and LES of 
hypersonic and supersonic boundary layers. AUSM 
family schemes developed by Liou[16] have been 
used successfully in LES[17-21]. Advection upstream 
splitting method (AUSMDV) scheme[22] is used for 
numerical simulation because of its low dissipation 
and the capabilities of shok capturing. The viscous 
terms are discreted by second order center scheme. 
The temporal integration is performed by using a 
dual time lower-upper symmetric Gauss-Seidel 
(LUSGS) method. 
3 Numerical Results 
To validate the nonlinear modeling method for 
compressible turbulent simulations, the numerical 
test of hypersonic turbulent flow over a double el-
lipsoid is performed. The geometrical and flow 
parameters chosen for the test case are the same as 
given in Ref.[23], i.e., the free stream Mach number 
Maf = 8, tempeature Tf = 63.77 K, density Uf =
0.042 kg/m3, and Reynolds number Re = 4.25× 106.
The total grid points are 6.4 millions and the com-
putaion is parallelized using message passing inter-
face (MPI). The no-slip and adiabatic conditions are 
employed at the wall. For the exit boundary and 
farfield boundary, the flow parameters can be 
evaluated following the Riemann invariants. 
Fig.1 and Fig.2 give the upper and lower sur-
face pressure distribution coefficients respectively 
on the symmetric planes of the double ellipsoid. The 
results obtained from the present nonlinear model, 
are compared with the results of RANS model[24]
and the experiment data[23]. The pressure distribu- 
tion coefficients obtained by LES and RANS agree 
well except at the vicinity of the pressure peak. The 
Fig.1  Pressure distribution coefficient at upper surface.
Fig.2  Pressure distribution coefficient at lower surface. 
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discrepancy before the second peak shows that the 
shock/boundary layer interaction is captured by 
nonlinear model, but RANS failed. Both pressure 
distribution coefficients are almost identical at low- 
er surface. 
    The contours of mean Mach number and den-
sity on the symmetric plane are plotted respectively 
on Fig.3 and Fig.4. The bow shock-wave and sec-
ond shock-wave are captured distinctly. This means 
that the average flow fields computed by the 
nonlinear model are reasonable. The turbulent en-
ergy distribution computed by LES and RANS 
given in Fig.5 and Fig.6 respectively is similar. The 
profiles of the mean velocities at location x=0 and 
x=50 are shown in Fig.7. u+ is nondimensional ve- 
Fig.3  Mean Mach number distribution on the symmetric 
plane.
Fig.4  Mean density distribution on the symmetric plane. 
Fig.5  Turbulent energy distribution on the symmetric 
plane.
Fig.6  Turbulent energy distribution on the symmetric 
plane from Ref.[23]. 
Fig.7  profile of the mean Van Driest equivalent velocity. 
locity. The van Driest equivalent velocity is used to 
compute u+. The mean velocity distribution agrees 
well with the theoretical value. The local contour 
lines of instantaneous pressure and stream line near 
the second shock-wave are given in Fig.8 and Fig.9 
respectively. Fig.8 shows that the instantaneous 
turbulent flow field is very complex. The shock/ 
boundary layer interaction induces a series of waves. 
Fig.9 shows the shock/boundary layer interaction 
induces separation and produces a series of vortexes. 
Fig.8 and Fig.9 show that the complex instantan- 
eous turbulent flow field can be resoluted by our 
nonlinear model. 
Fig.8 Instantaneous pressure  Fig.9 Instantaneous stream- 
distribution.                line distribution. 
4 Conclusions 
A nonlinear SGS model in the framework of 
standard filtering is proposed. The nonlinear model 
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appears to be more robust than the conventional 
dynamic Smagorinsky model in the numerical 
simulation. The nonlinear model can be applied lo-
cally and simulation remains stable at each time step 
without the need for the plane averaging technique. 
This avoids the potential instability or singularity. 
The numerical tests conducted for hypersonic 
turbulent flows over a double ellipsoid show that 
the average flow field computed by the present 
nonlinear model is almost identical to the results 
computed by the RANS equations. Furthermore the 
more accurate instantaneous flow field is solved by 
using nonlinear model. The shock/boundary layer 
interaction is captured by the nonlinear SGS model, 
but the RANS model failed. 
As a result, the more accurate pressure distri-
bution is obtained by using the nonlinear SGS 
model. The comparisons with RANS and experi-
ment show that the present SGS model is available 
to predict the hypersonic turbulent flow. 
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